We generalise the hyper-Kähler/quaternionic Kähler (HK/QK) correspondence to include para-geometries, and present a new concise proof that the target manifold of the HK/QK correspondence is quaternionic Kähler. As an application, we construct one-parameter deformations of the temporal and Euclidean supergravity c-map metrics and show that they are para-quaternionic Kähler.
Introduction
In the original HK/QK correspondence developed by Haydys in [Ha] can be directly applied to the para-HK/QK correspondence by flipping certain signs. We will therefore present a unified discussion of both correspondences which we will refer to jointly as the ε-HK/QK correspondence, where the parameter ε distinguishes between the two correspondences according to the rule ε =    −1 HK/QK correspondence +1 Para-HK/QK correspondence .
Similarly, we will use the terminology ε-hyper-Kähler and ε-quaternionic Kähler to refer to a hyper-Kähler or quaternionic Kähler manifold in the case ε = −1, and a para-hyper-Kähler or para-quaternionic Kähler manifold in the case ε = 1. We will formulate the ε-HK/QK correspondence in terms of a rank-one principal bundle P over the ε-hyper-Kähler base manifold M , rather than considering a conical ε-hyper-Kähler manifold. The ε-quaternionic Kähler target manifold M is then a codimension one submanifold of P . This is summarised in the following diagram:
ε-HK/QK
Using the rank-one principle bundle P over M , we prove that M inherits an ε-quaternionic
Kähler structure. This gives, in particular, a new concise proof of the original HK/QK correspondence. Compared to [Ha, ACM, ACDM] this proof is closer to that of [MS1, MS2] where the HK/QK correspondence is incorporated into Swann's twist formalism.
In the para-HK/QK correspondence the rotating Killing vector field on the para-hyperKähler base manifold preserves either a complex or a para-complex structure. In this sense the ε-HK/QK correspondence can be split into three distinct subcases:
(i) The HK/QK correspondence induced by a holomorphic vector field.
(ii) The para-HK/QK correspondence induced by a holomorphic vector field.
(iii) The para-HK/QK correspondence induced by a para-holomorphic vector field.
We will show that in cases (i) and (ii) the ε-quaternionic Kähler target manifold admits an integrable complex structure, whilst in case (iii) the para-quaternionic Kähler target manifold admits an integrable para-complex structure. In all cases the integrable structure is induced by the structure on the base manifold that is preserved by the rotating Killing vector field, and is compatible with the ε-quaternionic structure.
Para-quaternionic Kähler manifolds have recently appeared in the physics literature in the context of the local temporal (supergravity) c-map and the local Euclidean (supergravity) c-map [CDMV] . The local temporal c-map is a map from a projective special Kähler manifold of dimension 2n to a para-quaternionic Kähler manifold of dimension 4n+4 that is induced by the dimensional reduction of 4D, N = 2 Minkowskian local vector-multiplets over a timelike circle. Similarly, the local Euclidean c-map is a map from a projective special para-Kähler manifold to a para-quaternionic Kähler manifold (with the same dimensions as above) that is induced by the dimensional reduction of 4D, N = 2 Euclidean local vector-multiplets over a spacelike circle. We will see that both maps can be understood geometrically in terms of the para-HK/QK correspondence, with the local temporal c-map corresponding to case (ii) and the local Euclidean c-map corresponding to case (iii). This provides an alternative proof that the target manifolds in both cases are para-quaternionic Kähler. Moreover, we will use the para-HK/QK correspondence to construct one-parameter deformations of the local temporal and Euclidean c-map metrics, which are para-quaternionic Kähler by construction.
This is analogous to the proof given in [ACDM] that the one-loop deformed local spatial cmap metric, which first appeared in the physics literature in [RSV] , is quaternionic Kähler 4 .
To our knowledge the deformations of the local temporal and Euclidean c-map metrics that we present here have not previously appeared in the literature.
1 The ε-HK/QK correspondence Let (M, g, J 1 , J 2 , J 3 ) be an ε-hyper-Kähler manifold with ε-hyper-complex structure satisfying (1) with ( 1 , 2 , 3 ) a permutation of (−1, ε, ε). We will use the following convention for the definition of the α -Kähler forms 5 :
Notice that equivalent up to relabelling of J 2 and J 3 . The three distinct cases (i), (ii) and (iii) correspond to the three subcases of the ε-HK/QK correspondence described in the Introduction.
In order to perform the ε-HK/QK correspondence there must exist a real-valued function f ∈ C ∞ (M ) such that the vector field
5 Note that this convention differs from the convention in [CDMV] by a minus sign.
is timelike or spacelike, Killing, J 1 -holomorphic (that is, L Z J 1 = 0), and satisfies
Such a vector field is called a rotating vector field. We define
and assume that σ and σ 1 are constant and non-vanishing.
Up to a minus sign, the function f is an 1 -Kähler moment map of Z with respect to ω 1 .
Note the simple but important fact that such a moment map is only defined up to a shift by a real constant. This will lead to a one-parameter deformation of the resulting ε-quaternionic
Kähler metric.
Let π : P → M be a rank-one principal bundle over M , and let η ∈ Ω 1 (P ) be a principal connection on P with curvature
LetỸ ∈ Γ(ker η) denote the horizontal lift to P of any vector field Y on M , and let X P denote the fundamental vector field of the principal action on P normalised such that η(X P ) = 1.
On P we define the metric
the vector field
and one-forms
Here we do not explicitly write the pull-back symbol in front of the functions f, f 1 , β.
In the following, we will prove in particular that
defines an ε-quaternionic Kähler metric on any codimension one submanifold M ⊂ P that is transversal to Z P 1 .
For the proof of the above statement, we will now gather some relevant geometric properties of the original ε-hyper-Kähler manifold M that are implied by the existence of the rotating Killing vector field Z.
Using Z one may define a rank-four 'vertical' distribution and its 'horizontal' orthogonal complement in T M :
in which case the tangent bundle decomposes as
With respect to the frame (Z, 
Let us define the following one-forms on M :
where W := J 1 Z. Notice that the one-forms (θ P a ) a=0,...,3 defined in Eq. (12) are precisely the pull-backs of the one-forms (θ a ) defined above with the exception of θ P 1 which has an additional η inserted.
Proposition 1. The ε-hyper-Kähler metric can be written as
whereǧ is a symmetric rank-two tensor field that is invariant under Z and has fourdimensional kernel D v . The ε-Kähler forms are given by
where (α, β, γ) is a cyclic permutation of (1, 2, 3), and we have definedω
The two-forms (ω α ) α=1,2,3 are degenerate but not invariant under Z.
where Z = g(Z, ·) and
From these expressions it easily follows that L Zǧ = 0 .
Next, we calculate
for any cyclic permutation (α, β, γ) of (1, 2, 3). Using the fact that α β = − γ the expressions for the ε-Kähler forms are given by
which can be written as (16).
Let us now turn our attention to the rank-one principal bundle π : P → M .
Lemma 1. The exterior derivatives of the one-forms θ P α α=1,2,3 defined on P in Eq. (12) are given by
Proof. From the curvature of η we see immediately that
Next, note that
from which it follows that
Let M be a codimension one submanifold of P transversal to
. Let pr T M denote the projection onto the first factor, i.e. the projection from T P to T M along Z P 1 . On M we define
and for any vector field Y on M we define the vector field on M
We define the distributions
We can then decompose the tangent space of M as
and (14), and for all Y ∈ D h we have
Therefore (J 1 , J 2 , J 3 ) fulfil the ε-quaternionic algebra
function on M that fulfils the assumptions stated above. Choose a rank-one principal bundle P with connection η and a submanifold M ⊂ P as above. Define
with J 1 , J 2 , J 3 defined as above. Then (M , g , Q) with
is an ε-quaternionic Kähler manifold and X is Killing with respect to g .
Substituting in (10) and then (15) we find
We then use the fact that
,
to write this as and has kernel D v . Note that this already implies that g is non-degenerate. In addition g is invariant under X.
We will show that
where we have defined the one-formsθ
Differentiating gives
From these expressions it follows immediately that the fundamental four-form
is closed, and that the algebraic ideal generated by (
ideal. In dimensions greater than eight the closure of the fundamental four-form is enough to show that the metric is para-quaternionic Kähler. In dimension eight the closure of the fundamental four-form along with the fact that the fundamental two-forms generate a differential ideal is enough to show that the metric is ε-quaternionic Kähler. Both statements were originally stated in [S] for almost quaternionic pseudo-Hermitian manifolds. The proof in the appendix of [S] is based on complex representation theory that does not depend on the respective real form. Hence both statements can be generalised to the para-quaternionic
Kähler case (see [DJS] for the first statement in the para-quaternionic case). This then completes the proof of Theorem 1.
It is left to verify equation (19). Since (J 1 , J 2 , J 3 ) agrees with (J 1 , J 2 , J 3 ) on D h we have
On D v the vectors X, J 1 X, J 2 X, J 3 X are pairwise orthogonal with respect to
and fulfil
We therefore have
Next, we note that θ P α = π * θ α for α = 0, 2, 3 and
From Lemma 1 we have
Putting everything together we find
This verifies Eq. (19) and ends the proof in dimension greater than four.
Proof for dim R M = 4:
The proof in dimension four relies on the fact that on any submanifold M of an ε-quaternionic by
which is equivalent to Eq. (21). Then the fundamental two-forms fulfil [AC2, Prop. 5]
where ν := scal 4n(n+2) (dim R M = 4n) is the reduced scalar curvature. Comparing Eqs. (19) and (23) shows that the reduced scalar curvature of g is ν = − 1 4σ. Theorem 2. Let (M , g , Q) be an ε-quaternionic Kähler manifold in the image of the ε-HK/QK correspondence as described above. The globally defined almost 1 -complex structure
Proof. Let a ∈ C ∞ (P ) such that X = (X P − aZ 1 P )| M ∈ X(M ). We will identify the ε-quaternionic Kähler moment map associated with X and use it to prove that J 1 is integrable.
The Killing vector field X satisfies
where we have defined f = f | M and a = a| M . The Lie derivative ofθ α is therefore
From (23) it follows that
which is calculated to be
The following theorem is proved in [GL, Thm. 2.4] in the quaternionic case and [V, Thm 5 .2] in the para-quaternionic case.
Theorem 3. Let X ∈ X(M ) be a Killing vector field on an ε-quaternionic Kähler manifold (M , g , Q). There exists a unique section µ X ∈ Γ(Q) on an open subset U ⊂ M such that
Proposition 3. The Lie derivative of ω α may be written in terms of µ X =:
Proof. From (22) it follows that
Expanding µ X = 3 α=1 µ X α J α and making use of (22) we find
and since (J 1 , J 2 , J 3 ) are linearly independent it follows from Theorem 3 that
Equations (26) and (27) together with the fact that α β = − γ imply
where alt is the anti-symmetrisation operator, i.e.
The Lie derivative of ω α may be written as
Substituting (26), (27) and (28) into the above expressions produces the desired result.
Comparing the two expressions (24) and (25) for the Lie derivative of ω α we find
The expression (29) is already enough to prove that J 1 is an integrable 1 -complex structure. To show this we will adapt the proof of the statement in the case of an almost-complex structure on a quaternionic Kähler manifold given in [B, Prop. 3.3] . Using (27) we havē θ 2 = 2 |f |ι X ω 3 andθ 3 = − 2 |f |ι X ω 2 , hence
Fix a point x ∈ M . Consider a one-form α that satisfies (∇α) x = 0. Define the 1 -complex one-form A = α+ 1 i 1 J 1 * α, where i 1 is the 1 -complex unit satisfying i
and therefore
We now define
We may then write
. Since B and C α are J 1 -holomorphic this shows that J 1 is integrable by the Newlander-Nirenberg theorem in the complex case and Frobenius' theorem in the para-complex case. This completes the proof of Theorem 2.
One-parameter deformations of the local temporal and Euclidean c-maps
In this section we will consider three important examples of the ε-HK/QK correspondence.
They are related to constructions in the physics literature known as the local (or supergravity) spatial, temporal and Euclidean c-maps.
Let 1 , 2 ∈ {−1, 1} and 3 = − 1 2 as in Section 1. We start with a conical affine special following diagram:
global c-map
local c-map
In the specific case of the local spatial c-map there is a known one-parameter deformation called the one-loop deformation of the local spatial c-map [RSV] . It was shown in [ACDM] that the family of target manifoldN c in the above example of the ε-HK/QK correspondence Let (M, g M , J, ∇, ξ) be a conical affine special 1 -Kähler manifold [CM] of dimension dim R M = 2(n + 1). We assume that g(ξ, ξ) > 0 and that
be a set of conical special 1 -holomorphic coordinates such that the geometric data on the domain U ⊂ M is encoded in an 1 -holomorphic function F :Ũ → C that is homogeneous of degree 2. The metric may then be written as
and the Euler vector field as ξ = X I ∂ X I +X I ∂XI , where
We will assume that ξ and Jξ induce free R >0 -and A Jξ -actions, respectively, where
and define r := g M (ξ, ξ). Let (M , −gM , JM ) be the 1 -Kähler manifold obtained from the and its inverse can be calculated to be
where
We consider the cotangent bundle N := T * M and introduce real functions (p a ) := (ζ I , ζ J ) on N such that together with the pullback of (q a ) to N , they form a system of canonical coordinates, i.e. p a dq a ∈ T * M → (q a , p b ). The ε-hyper-Kähler structure on N defined in [CMMS] is given by g = H ab dq a dq b + 1 2 H ab dp a dp b
4 Ω ab dp a ∧ dp b = −2dx
To make contact with the formulation of the local spatial, temporal and Euclidean cmap given in [CDMV] later in this section, we consider the tangent bundleÑ := T M of M and introduce real functions (q a ) onÑ byq
The the ε-hyper-Kähler structure onÑ is given as follows (note that Ω ab H bc Ω cd = 1 4H ad ):
Note that the complex structures are given by
Consider the lift of the vector field − 1 2Jξ on M to a vector field Z onÑ = T M such that Z(q a ) = 0, i.e.
The vector field Z is a J 1 -holomorphic Killing vector field such that L Z J 2 = 1 2J 3 . Since
We may therefore apply the ε-HK/QK correspondence toÑ endowed with the above ε-hyper-Kähler structure. We begin by calculating
Let π : P := R ×Ñ →Ñ be the trivial R-bundle overÑ and let s denote the standard coordinate on the fibre of P such that X P = ∂ ∂s
. We defineφ := − 2 2s. Using the above information we see that the connection one-form
has curvature dη = π * (ω 1 − 1 2 dβ) and satisfies η(X P ) = 1. The one-forms defined in Eq. (12) are calculated to be:
The metric g P = 2 f 1 η 2 + g is given by
A degenerate tensor fieldg on P that restricts to the ε-quaternionic Kähler metric g given in Eq. (13) on any appropriate submanifold M is given by
The fundamental vector field is given by
, and therefore the vector field Z P 1 ∈ X(P ) is given by
As a corollary of Theorem 1, we obtain that the restriction of the tensor field given in Eq. 
Ferrara-Sabharwal form
In this subsection we will write Eq. (49) in an alternative system of coordinates. This will, in particular, make manifest that for the case ( 1 , 2 ) = (−1, −1) the quaternionic Kähler
To translate the remaining terms, let us define one-forms A I := dζ I + F IJ dζ J and note that H ab dq a dq b = − 1 H ab dp a dp 
2Ĥ
ab dp a dp b ,
where ( 
Note that I and R are well-defined both on M and onM . Using this information we calculate ab dp a dp b + 2 1 2 c ρ 2 (ρ + c) |X
ab dp a dp b + 2 1 2 c ρ 2 e K |z I A I (z)| 2 .
Putting everything together, we find that the expression given in Eq. (49) 2ρ dp aĤ ab dp b + 2 1 2 c ρ 2 e K (z
which is defined on the two domains {ρ > max{0, −2c}} and {−c < ρ < max{0, −2c}} in M × R 2n+4 , where (ρ,φ,ζ I , ζ J ) are standard coordinates on the second factor. For ( 1 , 2 ) = (−1, −1) this agrees with [ACDM, Eq. (4.11) ] and, hence, with the one-loop deformed local c-map metric derived in [RSV] .
